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We give a short proof of the following geometric inequality: for any two triangular
meshes A and B of the same polygon C , if the number of vertices in A is at most
the number of vertices in B , then the maximum length of an edge in A is at least the
minimum distance between two vertices in B . Here the vertices in each triangular mesh
include the vertices of the polygon and possibly additional Steiner points. The polygon
must not be self-intersecting but may be non-convex and may even have holes. This
inequality is useful for many purposes, especially in proving performance guarantees of
mesh generation algorithms. For example, a weaker corollary of the inequality conﬁrms
a conjecture of Aurenhammer et al. [Theoretical Computer Science 289 (2002) 879–895]
concerning triangular meshes of convex polygons, and improves the approximation ratios
of their mesh generation algorithm for minimizing the maximum edge length and the
maximum triangle perimeter of a triangular mesh.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Triangulation and mesh generation are fundamental problems in computational geometry [2,3]. Most previous algo-
rithms for mesh generation focus on quality measures that either maximize the minimum angle or minimize the maximum
angle of a triangular mesh, since angle criteria are important for applications in ﬁnite element analysis. The triangular
meshes generated by such algorithms are guaranteed to have bounded maximum-to-minimum angle ratios, but not bounded
maximum-to-minimum edge length ratios. This is because the triangles in a triangular mesh may have different sizes. Al-
though a bounded angle ratio implies a bounded edge length ratio for each triangle, the ratio of edge lengths of different
triangles can still be arbitrarily large.
Recognizing the importance of length-uniform triangular meshes in certain applications, Aurenhammer et al. [1] studied
the problem of approximating length-uniform triangular meshes under the following three optimality criteria: (i) minimizing
the maximum-to-minimum edge length ratio, (ii) minimizing the maximum edge length, and (iii) minimizing the maximum
triangle perimeter. They proposed an eﬃcient algorithm that, given a convex polygon P and a positive integer n, triangulates
P using n Steiner points. The algorithm ﬁrst applies a dispersion heuristic to select the Steiner points, next constructs the
Delaunay triangulation of the polygon using the selected Steiner points, and ﬁnally modiﬁes the Steiner triangulation into a
triangular mesh that, with some reasonable assumptions on the input, achieves a constant approximation ratio for each of
the three criteria.
Let P be a convex polygon, and let n be a positive integer. Deﬁne
dlong := min
T
max
e∈E(T )
length(e), (1)
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Also deﬁne
d∗ := max
S
min
u,v∈S ∪ V (P )distance(u, v), (2)
where S ranges over all sets of n Steiner points in P , and V (P ) is the set of vertices of the polygon P . Throughout the
paper, length and distance are measured in the Euclidean metric.
The approximation ratios of Aurenhammer et al.’s algorithm (for minimizing the maximum edge length and the max-
imum triangle perimeter) crucially depend on the ratio of the two numbers dlong and d∗ because their algorithm uses a
dispersion heuristic to select the Steiner points. Intuitively, a triangulation with near-uniform edge lengths must also have
an almost even distribution of vertices. By a simple area argument, Aurenhammer et al. were able to prove the inequality
dlong 
√
3
2
d∗, (3)
and conjectured that
dlong  d∗. (4)
In this paper, we conﬁrm the conjecture of Aurenhammer et al. by proving the following more general theorem on the
edge lengths of triangular meshes:
Theorem 1. Let A and B be two triangular meshes of the same polygon C (which must not be self-intersecting but may be non-convex
and may even have holes). If the number of vertices in A is at most the number of vertices in B, then the maximum length of an edge in
A is at least the minimum distance between two vertices in B.
The proof of Theorem 1 appears in Section 2. To see that the conjecture of Aurenhammer et al. is indeed conﬁrmed by
our theorem, simply let the polygon C in the theorem be the convex polygon P in the conjecture, let the triangular mesh
A be any Steiner triangulation T of P with n Steiner points, and let the triangular mesh B be any Steiner triangulation of
P with any set S of n Steiner points. As a consequence of the improvement from (3) to (4), the approximation ratios of
Aurenhammer et al.’s mesh generation algorithm are immediately improved from 4
√
3 to 6 for minimizing the maximum
edge length, and from 6
√
3 to 9 for minimizing the maximum triangle perimeter. It is reasonable to hope that the simple
inequality in Theorem 1 will be useful in some other contexts as well.
In addition to the two numbers dlong and d∗ , we now deﬁne
dshort := max
T
min
e∈E(T ) length(e), (5)
where T ranges over all Steiner triangulations of P with n Steiner points, and E(T ) is the set of edges in the triangulation T .
Compare (5) with (1) and (2). For any set S of points in a convex polygon P with minimum pairwise distance d among the
point set S ∪ V (P ), any Steiner triangulation T of P with S as the set of Steiner points must have minimum edge length at
least d. Thus we have the following inequality:
dshort  d∗. (6)
A natural question is whether the inequality in (4) can be strengthened to the aesthetically more pleasing inequality that
dlong  dshort. In other words, is the following statement also true?
(S1) For any two triangular meshes A and B of the same polygon C , if the number of vertices in A is at most the number
of vertices in B , then the maximum edge length of A is at least the minimum edge length of B .
It turns out that, unfortunately, the inequality dlong  dshort does not hold in general, even for the very simple case that
the polygon C is an equilateral triangle. We present a counterexample to the false statement S1 in Section 3.
A similar false statement is the following:
(S2) For any two triangular meshes A and B of the same polygon C , if the number of vertices in A is at most the number
of vertices in B , then the maximum triangle perimeter of A is at least the minimum triangle perimeter of B .
We refer to Fig. 1 for an easy counterexample to the false statement S2.
2. The proof
In this section we prove Theorem 1. We ﬁrst introduce some preliminaries. A d-simplex is the convex hull of d + 1
aﬃnely independent vertices (that is, d + 1 points in general position) in some Euclidean space of dimension d or higher.
For example, in the plane, a 0-simplex is a point, a 1-simplex is a line segment, and a 2-simplex is a triangle. A simplex
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σ is a face of another simplex τ if the vertices of σ are a subset of the vertices of τ . A simplicial complex is a set K of
simplices such that (i) any face of a simplex in K is also a simplex in K , and (ii) the intersection of any two simplices σ
and τ in K is a face of both σ and τ .
For a simplicial complex K in the plane, denote by αr(K ) the number of r-simplices in K , 0  r  2. For example, in
Fig. 1, we have α0(A) = α0(B) = 6, α1(A) = α1(B) = 9, and α2(A) = α2(B) = 4. For a 1-simplex σ , denote by ε(σ , K ) the
number of 2-simplices in K having σ as a face. Then ε(σ , K ) = 0, 1, or 2. Deﬁne the area of K as the total area of the
2-simplices in K . Deﬁne the perimeter of K as
∑
σ (2− ε(σ , K )) length(σ ), where σ ranges over all 1-simplices in K . Deﬁne
the Euler characteristic of K as χ(K ) = α0(K ) − α1(K ) + α2(K ). Our proof will use the following lemma by Folkman and
Graham [4]:
Lemma 1. (See [4].) Let K be a simplicial complex in the plane. Suppose that the distance between any two 0-simplices in K is at
least 1. Then the total number of 0-simplices in K is at most 2√
3
area(K ) + 12 peri(K ) + χ(K ).
We now proceed to the proof of Theorem 1. Let A and B be two triangular meshes of the same polygon C . A triangular
mesh of a polygon can be viewed as a simplicial complex in the plane: the 2-simplices are the triangles, the 1-simplices
are the edges, and the 0-simplices are the polygon vertices and the Steiner points. Then the area and the perimeter of the
triangular mesh (as a simplicial complex) are respectively the same as the area and the perimeter of the polygon (in the
normal sense). Also, by Euler’s formula for planar graphs, it follows that the Euler characteristic of the triangular mesh is
exactly one minus the number of holes in the polygon.
Denote by max(T ) and δmin(T ), respectively, the maximum length of an edge and the minimum distance between two
vertices in a triangular mesh T . We will prove the contrapositive of Theorem 1. Suppose that δmin(B) > max(A). We will
show that α0(B) < α0(A).
We ﬁrst bound the area of A. We show that among all triangles of maximum edge length , the equilateral triangle has
the maximum area. Consider any triangle of maximum edge length . We can transform it into an equilateral triangle of
edge length  without decreasing its area as follows. First move any vertex of the triangle perpendicularly away from the
opposite edge, until one of the two edges incident to the vertex has length exactly , next extend the other incident edge
until its length is also , and ﬁnally extend the opposite edge also to length . Since an equilateral triangle of edge length 
has an area exactly
√
3
4 
2, it follows that each triangle in A has an area at most
√
3
4 
2
max(A). Thus the area of A is at most
α2(A) ·
√
3
4 
2
max(A).
We next bound the perimeter of A. Denote by β0(T ) the number of vertices in a triangular mesh T that are on the
boundary of the underlying polygon, including the polygon vertices and possibly additional Steiner vertices on the boundary.
For example, in Fig. 1, we have β0(A) = β0(B) = 6. Since A has exactly β0(A) edges on the boundary of C , the perimeter of
A is at most β0(A) · max(A).
We now derive an equation that expresses α0(A) as a linear combination of the three parameters α2(A), β0(A), and
χ(A). Note that each boundary edge of a triangular mesh is incident to one triangle, and that each internal edge of a
triangular mesh is incident to two triangles. On the other hand, each triangle has three edges. Thus by double-counting of
the edge-triangle incidences we have
1 · β0(A) + 2 ·
(
α1(A) − β0(A)
)= 3 · α2(A).
It follows that α1(A) = 32 · α2(A) + 12 · β0(A). Recall that χ(A) = α0(A) − α1(A) + α2(A). Thus
α0(A) = 1
2
· α2(A) + 1
2
· β0(A) + χ(A).
Finally, to complete the proof, we have
α0(B)
2√
3
· area(B)
δ2min(B)
+ 1
2
· peri(B)
δmin(B)
+ χ(B) by Lemma 1
= 2√
3
· area(A)
δ2min(B)
+ 1
2
· peri(A)
δmin(B)
+ χ(A)
<
2√ · area(A)2 +
1
2
· peri(A)
 (A)
+ χ(A) by the assumption that δmin(B) > max(A)
3 max(A) max
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 2√
3
· α2(A) ·
√
3
4 
2
max(A)
2max(A)
+ 1
2
· β0(A) · max(A)
max(A)
+ χ(A)
= 1
2
· α2(A) + 1
2
· β0(A) + χ(A)
= α0(A),
as required.
3. A counterexample
In this section we give a counterexample to the false statement S1. Let C be a unit equilateral triangle. We will construct
two triangular meshes A and B of the same triangle C such that A and B have the same number of vertices but every edge
of A is shorter than every edge of B .
Refer to Fig. 2. The triangular mesh A has uniform edge length 1/5 and (5 + 1)(5 + 2)/2 = 21 vertices. To obtain the
triangular mesh B , start with a triangular mesh A′ of uniform edge length 1/4 and (4 + 1)(4 + 2)/2 = 15 vertices. Move
the Steiner points on the boundary of the triangle C slightly inwards to change A′ into a distorted triangular mesh A′′ that
is surrounded by three empty trapezoids. Add 2 more Steiner points to each side of the triangle C , and triangulate each
trapezoid Z . Then the distorted triangular mesh A′′ and the three rotated copies of the triangulated trapezoid Z together
form a triangular mesh B , which has 15+ 3 · 2 = 21 vertices and minimum edge length slightly less than 1/4.
This construction can be easily generalized. For each k  5, there are two triangular meshes A and B of the unit equi-
lateral triangle C such that A has (k + 1)(k + 2)/2 vertices and uniform edge length 1/k, and B has k(k + 1)/2+ 3(k − 3) =
(k + 1)(k + 2)/2+ 2(k − 5) vertices and minimum edge length slightly less than 1/(k − 1). Each trapezoid Z in the general-
ized construction for B has k− 3 Steiner points on its longer base, and can be triangulated by some 2(k− 3) edges between
the vertices on its two parallel sides.
Remark. In Fig. 2, the two triangular meshes A and B have the same number of Steiner points in total, but a careful reader
will note that they put different numbers of Steiner points on the boundary of the polygon C . This is necessary because the
perimeters of A and B are the same, so if A and B have the same number of boundary points, and hence the same number
of boundary edges, then the maximum edge length of A is always at least the minimum edge length of B .
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